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ABSTRACT 

In this paper we continue our investigations of square function inequali- 
ties. The results in [9] are primarily one dimensional, and here we extend 
all the results to multi-dimensional averages. Our basic tool is still a 

comparison of the ergodic averages with various dyadic (reversed) mar- 
tingales, but the Fourier transform arguments are replaced by more geo- 
metric almost orthogonality arguments. 

The results imply the pointwise ergodic theorem for the action of com- 
muting measure preserving transformations, and give additional informa- 

tion such as control of the number of upcrossings of the ergodic averages. 
Related differentiation results are also discussed. 
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1. I n t r o d u c t i o n ,  m a i n  r e su l t s  for  cubes  

Let (X, E, m, 7-) denote a dynamical system with (X, E, m) a a finite measure 

space and 7- = ry a measurable, measure preserving Z d action on X. 

For a region A c Z a and f : X ~ R, Mnf(x )  denotes the average operator 

over A: 
1 

MAS(x) = Z 
yEA 

The ergodic theorem of Wiener says that if (An) is a sequence of cubes in 

Z a with IAnl --~ oo and each An containing the origin, then the averages MA~f 
converge ahnost everywhere for f E L 1, and the maximal function SUPn IMaaf[ 
is weak type (1, 1) and type (p,p) for p > 1. 

In the particular case, when X = Z a, m is the counting measure, and %x = 

x + y, the maximal function sup~ IMA~fl is just the Hardy-Litt lewood maxi- 

mal function. By the transference principle of Calderdn, the Hardy-Litt lewood 

maximal inequalities imply those for the ergodic maximal function. This remark 

applies to all the inequalities to be proved in this paper: the real work is to be 

done on the acting group, and a routine argument transfers the result to any 

dynamical system. 

An important observation, that will be very useful in obtaining the results to 

follow, is that there is a square function that connects a (reverse) martingale with 

averages over cubes. Let X = Z d. For n = O, 1 . . . . .  let an be the n-th dyadic a 

algebra; that  is, an is generated by the dyadic cubes, 

[812n, (81 q- 1)2 n) x [822 n, (82 h- 1)2 n) × - ' "  × [8d2 n, (Sd q- 1)2 n) 

where the s i's are integers. Denoting by Cn the expectation with respect to an, 

we have 

THEOREM A: For each n, let An be a cube in Z ~ with side-length 2 n and con- 
taining the origin. Then 

( ~ IMA, f - gnfl2 ) 1/2 eo <- cp " IIfIIep (1 < p < 2 ) ,  

and )1,2 } 
I M A ~ f -  Enfl 2 > c~ ~ £"  Ilfllel. ct 

Remark: The constants c, cp in Theorem A as well as in the other results of this 

paper may depend on the dimension d. Also, the value of the constants c, C are 

not fixed, and it may change even in the same argument. 
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Theorem A allows us to use results known for reverse martingales to obtain 

results for averages over cubes. In fact, we will prove a stronger form of Theo- 

rem A. This strengthened version allows the sequence An to depend on the point 

x and on the function f .  Denote 

Hn = [--2 n+l, 2n+l) d 

and let .An contain all cubes with side-length between 2 n - 1  and 2 n which are 

contained in Hn. Note that  for each point x, the a tom H of an containing 

the point x satisfies H - x E An; in other words, for some A E An we have 

gnf(X) = MAf(x).  

THEOREM A': W e  have 

( n ~ 2'1/2 ] 
sup ]MAf -- gnf] ) <_ Cp. ]]fl[e, (1 < p < 2), 

AEA• eP 

and 

sup IMAI- £~f12 > c~ _< c .  Ilflle,. 
ACA,~ Ct 

An immediate corollary is 

COROLLARY: W e  have 

and 

sup [MAf - MBf[ 2 <_ cp. Ilflle~ (1 < p _< 2), 
A,BE.A,~ 

Let us list a few interesting consequences of Theorem Aq In Examples 1.1 1.5, 

for each x E Z d and fimction f ,  (A,)  is a sequence of cubes with An 6 An for 

each n. In other words, the side-length of the cubes forms a lacunary sequence. 

Because of this restriction on the sequence (An), some of the results quoted in the 

examples are not in their most general form. For example, the Hardy Littlewood 

maximal inequalities are basically derived only for averages over dyadic cubes. In 

case of the Hardy-Lit t lewood maximal inequalities, this more restrictive result 

simply implies the general form of the maximal inequalities, but in the other 

cases we will see how Theorem B below can be used to obtain the most general 

results for averages over cubes. 

Note also that  all the inequalities mentioned for the averages MA, are valid in 

any dynamical system by the transference principle. 

sup   ,2)1J2 o} < c , ,  
n A,BCAn OL 
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Example 1.1 (Hardy-Littlewood maximal inequalities): We can assume that the 
function f is nonnegative. Then the Hardy-Littlewood inequalities follow from 
the pointwise estimate 

sup MA~f  < sup Enf + sup IMA~f -- Enfl 
7% n n 

~sunp~nf * (EIMA. f --~nfI2) I/2 
n 

and from the maximal inequalities for reverse martingales. 

Example 1.2 (Square-function inequalities): We have the inequalities 

( ) ' .  ~n ]MA,~f -- MA,~+~fl2 < c,. Ilflle, (1 < p < 2), 

and 

{(~n ,MAnf--Man+.f,2) I/2. (~ 1 , C',,fH,~. 

This follows from the pointwise estimate 

]MA,~f -- MA,~+,fi < I£nf -- ~n+lf] + IMA, f - ~ , f l  + IMa,~+lf - $n+1/1 

and from the inequalities for ( ~  I~nf - En+~fl2) ~/2. 

Example 1.3 (Oscillation inequalities): Let nl < n2 < "" be a sequence of 
integers. We have the inequalities 

E sup IMzn f  - Mamfl2  ) 1/2 < cp " l l f l l e~  ( 1 < p < 2 ) ,  
k nk<_n~m<nk+l ~p 

and 

[ { ( ~  n~_<n<_m<~k+~sup IMA,~f __ MAmfl2)  1/2 ~ C > ~) -< ~'llfllel- 

Note that the above inequalities in a dynamical system directly imply almost 
everywhere convergence of the averages MA,~ f .  The inequalities follow from the 
pointwise estimate 

[ M A J  -- MAmfl  <_ ICnf -- Emfl + IMA,~f -- Enfl + IMAmf -- Emfl 

and from the well-known inequalities for (~k  sup7%k___n_<m<n~+l lEnS- Cmfl2) 1/2 
(cf. [9, Theorem 6.1]). 
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Example 1.4 (Jump inequalities): First, recall the concept of 'A-jumps'. For 

A > 0, we define the number of A-jumps, J((MA~)),A) = J ( (MA, ( f , x ) ) ,A ) ,  as 

the largest N for which there are indices nl < n2 < ..- < nN with 

and 

[MA.~f(x)  -- Ma:~+lf(x) l  > A, i = 1,2 . . . .  , N -  1, 

We have the inequalities 

[[A. (J((MA,~),A))II2[[ep <_ Cp. [[fiie~ (1 < p  _< 2), 

I{~X. (J((MA~), A)) ~/2 > ~}1 < -~ Ilfllo. 

Taking a : A. N 112 in the weak (1, 1) inequality, we obtain 

c 
I{J((MA~), A) > N}I _< ANl l  2 • Ilfllel- 

To obtain the inequalities, estimate first as 

A~/J((MA,,), A) <_ AX/J((MA n - En), A /2 )+  A\/J((En), a/2). 

The first term above is handled with the estimate 

)~,,,/J((Mj,~- gn),a/2)_< 2.7~IMAo(.f,x)-E,~.f(x)I2; 

The second term is handled by tile appropriate inequalities for reverse martingales 
(el. [9, Section 6]). 

Example 1.5 (Variation inequalities): For any 0 > 2 we have the inequalities 

(sup(n~) ~ .  ,MA~, f - -MAn~+l f ie )  1/0 ep < cP'°'i'fNe~ (1 <p_< 2), 

and 

s u p Z l M A n ~ f - - M A . ~ + l f l  °) > a  <-- ' l l / l le l -  
(n~) i a 

Above, the supremum is taken over all increasing sequences nl < n2 < -.-. 
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The inequalities follow from the pointwise estimate 

<_ ~-~ . l (MA~f -gn~f )+(gn~+, f -MA~+l f ) l  2 

( 
and from the inequalities for (sUP(n~) ~ i  Ign~f  - gn~+~fF) ~/~ (of. [9, Theorems 

6.2 and 6.4]). 

So far, the sequence (An) of cubes has been restricted in the sense that  A~ E 

.A~, that  is, roughly speaking, the sequence of side-lengths forms a lacunary 

sequence. Of course, one would like to consider more general sequences (At) 
of cubes, where for a given n there might be several indices t with At c .An. 
A natural  example would be a sequence (At) of cubes with At of side-length t 

and containing the origin. In this case, At E .An for 2 n-1 < t < 2 n. While 

the maximal function supt IMA~fl is bounded for such a sequence of cubes, the 

oscillatory operators we consider in this paper may fail to be bounded even in 

dimension d = 1 without further assumptions on (At). 
To illustrate the problem one may encounter, consider the sequence (At) of 

intervals defined by 

S [0, 2 n) if t even, 2 n _~ t < 2 n+l 
At I ( - 2  n,0] if t odd ,  

and define the function fn : Z ~ 1~ as 

S 1 if 0 _< x < 2 n, (x) / - 1  if - 2  n _ < x < 0 .  
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Clearly, we have Ilfnlle~ = 2 ('+1)/2. On the other hand, we have 

\ 1/2 II 
Z ( M a t f n - M a t + a f n )  2 ) e > 2  n-1 , 

t 

which means tha t  the square-function (~ t (Ma,  f , ~ -  Ma,+~fi~)2) 1/2 is not  a 

bounded g2 _~ gz operator.  

To see the above inequality, note tha t  for 2 n _< t < 2 T M  and x 6 [ -2~ /4 ,  2'~/4) 

we have Ima,fn(X) - AIa,+lfn(X)I > 1. As a consequence, we have 

f Z Z  ( m A t f n  -- mAt+l fn)2  = Z : ( m A t f n  -- mAt+l fn)2  
t t JZ 

>- E f (MA,f,~ - -  MAt+::n) 2 
2~<t~2n+1 JZ 

> 2 n . 2n/2, 

proving the inequality. 

The further assumption we make on the sequence (At) is tha t  if At and A~ 

are bo th  in An for some n, then one of them contains the other. In other words, 

for every n the sets At with At E An are nested. We'd  like to emphasize the 

distinction between the set .An and the sets At with At E An. Only the latter 

one, for each x, forms a nested sequence. 

The conditions we use are summarized in the following definition: 

Det~nition 1.6: We call the sequence (At) of cubes r e g u l a r  iff they satisfy the 

following conditions: 

• for every n and t E [2 ~-1,  2'~), we have At E A~; 

• [A~I < IAtl if s < t; 

• if 2 n-a < s < t < 2 n for some n, then As C At. 

The next theorem enables us to extend all the results for ' lacunary '  An's to an 

arbi t rary  regular sequence of At's. 

THEOREM B: Suppose that for each x and f ,  the sequence of cubes (At) is 
regular. Then we have the inequalities 

(t~) 
Ati ,Ati+ 1 6-4n 

and 

IMA~ f - MAt~+I  fl 2) 1/2 < cp. Ilfllep (1 < p < 2), 
gp 

1/2 } c 
E IMA'~ f -  MA,+I f12 > ~ --< --" Ilfllel. O~ i 

Ati ,Ati+ 1 6.'4n 
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In the above, the supremum is taken over all increasing sequences tl < t2 < " ". 

All the applications of Theorem B are based on the following observation: 

Suppose (At) is a regular sequence of cubes and consider, say, the operator 

(EtMA~if  --MAti+lft2) 1/2 
i 

For each index i, either both At, and A,~+I are from the same set An, or At, ~ An 

and Ati+l E ,Am for some n < m. Denoting 

S = {i i At, ,  At,+~ E ,An for some n}, 

£ = {i [ At, C .An, At,+~ E `Am for some n < m}, 

we estimate as 

)1/2 
< ~ }MAq f - MAq+ 1 f i  a 

iES 

and {( ),J2 } c 
[ M A ~ f  - MAt~+~ f l  2 > ~ ~ -~ " Ilflle,. 

k 

Typically, we refer to the version of a given operator we get by restricting the 

indices i to S as the "short" version, and restricting the indices to £ we obtain 

the "long" version of the operator. Hence the first term in the above sum is the 

short version of (~-~i IMA~f  -- MAt~+lfl2) 1/2, and the second term is the long 

version. 

We have already shown how the long versions of an operator can be handled 

using Theorem A', and the short versions are handled by simply invoking 

Theorem B. 

In the following theorems, we assume that for each point x and function f ,  the 

sequence (At) is regular. We omit the proofs since, with only minor modifications, 

they are very much like the earlier proofs. The basic idea, like before, is to 

consider the short and long versions of the operator separately. 

THEOREM 1.7: Let Vl < v2 < "'" be a sequence of positive numbers, and for 

each x and f let tk be such that lArk[ = vk. Then we have the inequalities 

) -~[MA,k f - -MAtk+~f[  2 <_Cpllfllep (1 <p_< 2), 
k 
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The consta~~ts  do not depend on the sequence (vk). 

THEOREM 1.8: Let vl < ,u2 < . . . be a sequence of positive numbers. Then we 
have the inequalities 

and 

The constants do not depend on the sequence (vk). 

and 
C 

(J((nr,4t)7h))1/2 > a)l < ' [ I f  l lEl.  

Above, the supremum is taken over all increasing sequences t l  < t2 < . . .. 

In this introductory section we considered averages over cubes only. In 

Section 5 ,  we explain that our methods can be used to obtain analogs of 

Theorems 1.7-1.10 for other regions such as balls or even certain nonisotropic 

dilates of a fixed region. In Section 6, we discuss the differentiation analogs of 

our theorems in litd. 



10 R.L. JONES, J. M. ROSENBLATT AND M. WIERDE Isr. J. Math. 

2. An  almost orthogonal i ty  l emma 

The proofs of Theorems A ~ and B consist of proving the (2, 2) and the weak (1, 1) 

inequalities; the (p, p) inequalities follow by interpolation. 

The proofs of both the (2, 2) and the weak (1, 1) inequalities rely on the fol- 

lowing simple almost orthogonality result. 

LEMMA 2.1: Suppose (Sn)~cz is a sequence ofsubadditive (IS(f  ( x )+  g(x))[ _< 
Igf(x)l + ISg(x)l) operators on L 2 in some a-finite measure space. Let (u,~)~z 
and (Vn)nez be two sequences of L 2 functions. We assume that there is a sequence 

(a( j ) ) jcz  of positive numbers with w = ~-~i ~(j)  < ec such that 

IlSku.ll2 _< ~ ( ~  - k) l lvnlh  

for every n, k. 

Then we have 
2 

sup [Sk u~[ [[ nil2, Z Z -<w2Zv 
k j , m  j < n < m  2 n 

where the supremum supj,m is taken over ali j, m with j <_ m. 

Furthermore, if  the S are continuous, f = ~ n  Un' E n  [[Vn[[2 2 --~ C[[f[[ 2' then 

IlSkfl]~ <_ C . w 2. tlfll~. 
k 

Proof: First note, using the subadditivity of the S, that 

Sllp[~k E ~tn[ ~ sup E [~k~tn[ 
j , m  j < n < m  j , m  j < n < m  

n 

hence, by the triangle inequality for the ~2 norm, 

suplSk ~ unl ~ _< ~llSkunll~. 
3'm j < n < m  n 

Because of the assumption [ISkunN2 < a(n - k)[[v~[] 2, setting bn = ][Vn[]2, it is 
enough to prove 

( E E a ( n -  k)b n ~ O'(n) • E b 2 n  
k n n 

But this is equivalent to the well known inequality for the C 2 norm of the convo- 

lution of two sequences, [[a * bI[e~ _< [[a[[e~ -[[b[[e~. | 
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3. P r o o f  o f  t h e  L 2 inequa l i t i e s  

Proof  of  Theorem A': Let us write f = ~ n  dn where dl = f - E l f  and dn = 

S n - l f  - Enf  for n > 1. Then we have Hf[]~: = ~ n  HdnH~ 2 

Let An be such tha t  suPAcA n IMAf (x )  -- Cnf(x)l  = IMA,, f (x)  -- Ear(x)]. 

Taking Sk defined by Skg(x) = MA~g(x) - Ekg(x), un = vn = dn and a( j )  = 

c.  2 -Ijl/2 in the almost or thogonali ty lemma, Lemma 2.1, we see it is enough to 

prove 

(3.1) H(MAk -- Ek)dnH~2 ~_ c .  2-Jn-ktlldn[[~2. 

In order to prove (3.1), let us first assume n > k. Since in this case Ekdn = dn, 

it is enough to prove 

(3.2) I]MAkdn - dn]] 2 <_ c.  2k-nHdnll ~. 

Let us denote by Dn the set of all a toms of the n th  dyadic a algebra an, and 

write 

- dull2 = ./~d IMAkdn - dnl2 IIMAkdn 

= ~ /i_ IMA~dn 
H ED,~- I J H  

We want to est imate fH ]MAk dn -- d~t 2 for H E Dn-1.  Since d,~ is constant  on 

the smaller a tom H, we have (Mmkdn - dn)(X) :- 0 if Ak + x C H.  I t  follows 

tha t  (MAkdn - d n ) ( x )  may be nonzero only if Ak + x  intersects the boundary  OH 

of H.  Since Ak C Hk, the measure of those x in H for which Ak + x n OH ¢ 
is at  most  a constant  multiple of 2 (d-1)n • 2 k. Denoting by m n the nmximum 

of ]dnl on the cubes neighboring H in Dn-1,  we certainly have the estimate 

I (MAkd~-d~) (x ) l  < ran(x) for every x E g .  It  follows, since mn is also constant  

on H,  tha t  

/H l (MAkdn  - dn)(X)l 2 < 2(d-l) n • 2 k . m2n(X) C" sup 
x E H  

• 2 k - n  / H  2 C • rfl n . 

2 __< c ' f z  ~[dn[ 2, we Summing the above over H E D~- I  and noting tha t  fzd m~ 

have finished the proof of (3.2). 

We now turn  to the proof  of (3.1) in case k _> n. In this case we have Ekdn : O, 

so it is enough to prove 

(3.3) HMA~dn[122 ~ c" 2n-k[Idnll 2. 
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In fact, we will prove the following pointwise estimate: 

(3.4) IMA~dn(x)l 2 <_ c" 2 n-k" MHk Idn(x)l 2. 

We get (3.3) by integrating both sides of (3.4) on Z d. 

The proof of (3.4) involves a computation we are going to use quite a few times 

later, so we formulate it in a lemma: 

LEMMA 3.1: There is a constant c so that for any A which is a set-theoretic 

difference of two sets from Ak and for any B C Ak we have 

1 dn  < c"  2 n - k  • 1 - IHk---- [ Z Id'~[2' n _< k. 
A+x  

Note that  for any A C Ak, one can find an A' C Ak which is disjoint from it, 

hence A \ A' = A. This is because the side-length of any A C Ak has side-length 

less than 2 k, which is half that  of Hk. 

The inequality in (3.4) follows by taking A = B = Ak in the lemma. 

Proof of Lemma 3.1: We know that  for every H E ]Dn we have fH d n =  0. Hence 

we can estimate 
Z d n = Z  Z d n  
A+x HED~ (A+x)MH 

nED,~ ( A + x ) n H  
HNO(A+x)~O 

Denoting 13(A) = B(A, n, x) = U{(A + x) M H ] H E Dn, H M O(A + x) # 0}, we 

can then estimate, using Cauchy's inequality, 

~(A) 

Now, since A is a difference of two sets belonging to Ak, the measure of B(A) 

is not more than a constant multiple of 2 n • 2 (d -1 )k .  Also, B E Ak implies that  

IBI > c. 2 kd _> IHkl, and hence dividing both sides by IB[ 2 we get 

1 dn < c" 2 ~ -k  • - -  
A+x 

1 [2 
IHkl y~ [dm 

/~(A) 

< C" 9 n - k  • 1 
- " [Hk~ ~ Idnl2" I 

A+x 

The structure of the proof is very similar to that  of Proof of Theorem B: 

Theorem A'. 
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Write f = ~-~n d,,, where d l f  = f - g l f  and d n =  E n - l f  - gnf  for n > 1. 

Denoting 

Sk = S~:(x) = {i l At~,At~+~ E Ak} 

this time, we take Sk defined by Skg(x) = ( ~ i e &  I(MA~, - MA,,+,)gl2)l/2(x), 

u~ = Vn = d~ and a(j) = c.  2-1Jl/2 in the almost orthogonality lemma. It  is 

enough to prove 

(3.5) Z ~ I(MA,,-MA,~+~)dnl2(x) <_ c.2-1n-kllldnll~. 
d iESk 

To prove (3.5), let us first assume n > k. Recalling that  Dn denotes the set of 

all atoms of the nth  dyadic ~r algebra an, write 

• E [(MAq -- MAq+I )dn[2: E ~ E I(MAq - MAt,+I )dnl2" 
d iESk HEDn-1 iESk 

We want to estimate fH ~ i c &  I(MA,~ - MA,,+, )dnl 2 for H C D,~-I. Since d ,  

is constant on H, Y~ie& I(MA,~ - MAt~+I )dnl 2 can be nonzero only if for some 

i E Sk at least one of the cubes At~ + x or At,+, + x intersects the boundary of 

H. But by the definition Sk, At~ and At,+, are both contained in Hk. Hence the 

set of x 's  for which ~ i e &  I(MA,, - MA,,+~ )dnL 2 might be nonzero is contained 

in the set of x for which Hk + x intersects the boundary of H. The measure of 

this latter set is not more than a constant multiple of 2 (d - l>  • 2k: 

1/2 

(x) _< ~ I(MA,~ - MA,,+,)d.l(a:) 
iESk 

1 
- Z I&+,l levi 

iESk (Aq+ 1 "-. Aq )+x (1 1) 
+ lift~l IAt~+ll " ~ Idnl 

Ati gcx 
1 1 

<-C" lHk-~ E Idnl + ~ E Idn[ 
Hk +x Hk +x 

<_C" ~lHk Idnl(X). 

Denoting by mn the maximum of tdn[ on the cubes neighboring H in Dn-1, we 

certainly have the estimate MHkldnl(X) <_ mn(X ) for every x E g .  It  follows, 
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since m~ is also constant on H,  that 

H E - )dn[:(x) _< c.  2 (d-H~ . 2 k. m2(x) I(MA,~ MAq+I sup 
iESk xEH 

C 2 k - n  ./r4 2 
. . l y t  n . 

Summing the above over H E Dn-1 and noting that fzdm2n <_ c. fzd Idnl 2, we 

have finished the proof of (3.5) in case n > k. 

Let us now prove (3.5) for the case k >_ n. It is enough to prove the pointwise 

estimate 

(3.6) Z I(MAt, - MA,~+~ )dnl2(x) < c -2  n -k .  MHkd~,(x). 
i6Sk  

Indeed, we get (3.5) by integrating both sides of (3.6) on Z d. 

Write first 

I(MAt, - MAt,+l)d~12(x) <_ Z IAt,+,l ~ dn 
iESk iESk (At,+ 1 \ At, )+x 

+ E IA-t ' I IAt,+l ] " 
iESk At i +x 

Taking A = At.+1 \ At, and B = At,+1 in Lemma 3.1, we can estimate 

where in the last step we used the fact that  the sets At, are nested for i E 8k. 
In order to finish the proof of the inequality in (3.6), we just have to estimate 

1 . 12 ]Aql ]Aq+l [)2 I~-~-Aq+x dn But this is accomplished by again using 

Lemma 3.1 (with letting both A and B run independently over all Ate, i E $k): 

( 1 1 )2. A ~  dn 2 ( sup At~+xdn2"(i~k 1 1 )  2 

iCSk t, +x 

I E  : 1 < sup dn • sup 
- iesk ]At,] 2 iESk A q  +x * 

< c  ' 
- I H k l  . ~  

( )2 
1 ~ dn < c ' 2 n - k "  1 E E d2 

IA~+~I ~ - IHk---~lieS~(A,,+..a~)+ ~ iE£k (At,+ l \ At i )+x  

< c" 2 n-k • 1 2 
- W  --il Z 

Hk 
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4. P r o o f  o f  t h e  weak  (1, 1) inequa l i t i es  

The proofs follow the classical scheme of Calder6n-Zygmund, but we need to 

make a modification in estimating the "bad" part of a function. Namely, instead 

of the ~1 norm, we will estimate the f2 norm of the bad function off the set 

where the maximal function is large. We made a similar modification to the 

Calder6n-Zygmund scheme in [9]. 

Let us now give more details. Suppose we want to prove that an operator O 

is of weak type (1, 1), that is we want to prove the inequality 

1{Ol > -}1-< c. IlIIl~___~ 
C~ 

Since this inequality is homogeneous in a we can assume a = 1, so we need to 

show 

I{(}f > 1}1 <_ c. Ilflle:. 

First, we decompose f into good and bad parts: f = g + b. The properties of 

this decomposition are summarized in the following result of Calder6n-Zygmund 

(cf. [6]). 

LEMMA 4.1 (CalderSn-Zygmund decomposition): Any  f E f l (zd)  can be 

written in the form f = g + b where 

(1) Ilgll~ -< c. I l f l l l ;  
(2) b = ~ j  bj where each bj satisfies: 

(a) for some n, b i is supported in a cube B i E Dn, 

(b) f~dbj : f .~ bj = 0, 
(o) Ilbjll, <_ c .  IBjl, 
(d) E~ IB:jl <_ II.fll. 

We note that the cubes Bj in the lemma are pairwise disjoint. In the rest of 

this section, Bj refers to a cube from the Calder6n-Zygmund decomposition, and 

we denote by • the collection of all the Bj.  

We now estimate as 

1{Of > 1}J < I{@ > 1/2}1 + l{~3~b > 1/2}1. 

The operators we consider here have been proved to be type (2, 2) in Section 3, 

which makes the estimation of the good part obvious by 1. above: 

I{@ > 1/2}1 _< 4 - . l  1@12 

_< c. Ilgll~ 

< c. [I.flll. 
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Before estimating the bad part, let us introduce a notation. For each j let /~j 
denote the cube with the same center as By, but with each dimension expanded 

three times. We can write 

[{Oh > 1/2}1 = l Uj/~j N{Ob > 1/2}1 + I(Z d "- UjBj) N{Ob > 1/2}1. 

The first term is estimated, using 2./(d), as 

IUj/~j N{Ob :> 1/2}1 _< )--~. I/}jt 
J 

= 3  d" )-~ IB~ I 
J 

-< 3 ~" IIflll. 
The second term is estimated as 

I(Z d \ u~bj) [ ~ { ~  > 1/2}1 _< 4- fz 1¢~12" 
d ~ . u j B j  

We see that O will be weak type (1, 1) if the integral fz d .. u~a~ lob[ 2 is successfully 

estimated by a constant multiple of I]/]11- Indeed, in the proof of both Theorem A' 

and Theorem B, we will prove a bound of the form 

f~ < c. IB~I, le#l: Z d \ u ~  j 

which, by 2./(d), is a sufficient bound. 

Proof of Theorem A': By the preliminary remarks, it is enough to prove the 

inequality 

f~ ~ sup IMAb-•kbl2<_c .)--~.[]bjl[1. 
d \ US ~j AC=A~ j 

We will prove this inequality using the Almost Orthogonality Lemma, Lemma 2.1. 

Let Ak E A~. be such that  suPA~A k IMmb -- ~¢kb I = IMAkb - C~kbl. Let us group 
together the Bj of the same size, so write b = ~,n hn where 

h n = ~ _ _ b j .  
B j E Dn f3~ 

The fact that we just consider x which is in 7/. d \ Uj.Bj has two important con- 

sequences. 

First, ¢~kb(x) = 0 for every k. Indeed, if n > k then ¢~ehn(x) = 0 because the 

atom of ak containing x is disjoint from the support of h , .  On the other hand, 
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if n < k, for each Bj in the support of hn, the a tom of c% containing x is either 

disjoint from Bj or it contains the entire By. But then, by 2./(b),  gkbj (x) = 0 

for all By in the support of h , ,  hence gkh, (x)  = O. 

The second consequence of x being in 7~ d \ [..JjBj is that  MAkhn(x) = 0 for 

n > k. This is because x + Ak is disjoint from any of the By in the support  of 

hn. 

As a consequence of this discussion, we see it is enough to prove 

MA~ E hn 2 
d N ' u j B j  • n<k  j 

Let 

Since 

d~ = E 1 B j -  

B d 6D~ AB 

n n 

J 

taking Sk defined by Skg(x) = MAkg(x), Un = hn, Vn = dn and c~(j) = c. 2 -Ijl/2 

in the almost orthogonality lemma, Lemma 2.1, we see it is enough to prove, for 

k > n ,  

IIMA~hnl['~,_ <_ C" 2 n-k"  Ildnll2e. 

This follows if we prove the pointwise inequality 

(4.1) [MA~h,~[ 2 < c. 2n-kM2Hk[d,~[. 

Indeed, integrate both  sides of the above and use the fact that  dn = d2n • 

The proof of (4.1) involves a computat ion we will repeat several times later, 

so we formulate it in a lemma that  is similar to Lemma 3.1: 

LEMMA 4.2: There is a constant c so that for any A which is a set-theoretic 

difference of  two sets from .4k and any B E ~4k we have the two pointwise 

estimates 

1 E hn <_c. 2 ~-k • 1 

Zlhnl_< Z 
A+x 2Hk +x  

The inequality in (4.1) follows from the lemma by taking A = B = Ak. 
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Proof of Lemma 4.2: The proof of the second estimate is simple since, by 2./(c),  

Ih l_< Z Ihnl 
A+x Hk+x 

= E Z Ihnl 
Bj 6Dn nB ( Hk +x)nBj 

Z Z Ihn[ 
sj 6Dn nB Bj 

Bjn(Hk+x)~O 

<- Z 
Bj E Dn nB B 9 

BjN(Hkq-W)#@ 

< ~ - ~ d ~ .  
2Hk +x 

Let us now prove the first inequality of the lemma. We certainly have 

On the other hand, by property 2./(b),  we have 

Z h n =  E Z h n  
A Bj 6Dn AB ANBj 

=ZZ n" 
BjEDn nB AnBj 
BjnOA¢~t 

Hence, introducing B( A ) = B( A, n, x) = U{  B j I B j 6 D n ['1 ~, J~ j ('] O A ¢ ~}, we 
have, by 2./(c),  

~A hn ~ Z Ihnl 
B(A) 

_< ~ld~l 
B(A) 

= IS(A)I. 

Now, since A 6 Ak is a difference of two sets belonging to Ak, the measure of 

B(A) is not more than a constant multiple of 2 n • 2 (d-1)k. Also, B c= Ak implies 

that IBI >_ c .  2 kd >_ IHkl, and hence we have, dividing both ends by IBI, 

[~a hn <_c'2 n-k. 
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Putting the two estimates on I ~ A  hn I together, we obtain 

- INk---I] E Ihn[" I 
A+x 

Proof of Theorem B: The structure of the proof is very similar to that of the 

weak (1, 1) part of Theorem A'. 

By the preliminary remarks in this section, it is enough to prove the inequality 

J ~ d \ U j ~ i E  E I(MAti - MA~+I )bl2 <- c. ~ Ilbjll,. 
k iES~ j 

Denote 

h~= E bj and d~= E lu j. 
Bj EDn Bj E Dn 

By an argument similar to the one given in the proof of Theorem A', it is enough 

to prove, for n < k, the pointwise estimate 

(4.2) E [(l~Ati -- MAti+l )hn(x)12 <~ c" 2 n-k" M2Hk [dn[. 
iESk 

Write first 

(1 z E I(MA~- MA~+~ )hnl2 <- E IA2+1[ hn 
iES k iESk (Ati+ 1 At i )+X 

(1 
E [At, I IAt~+~l 

+ 
iES~ i 

Taking A = At~+~ \ At~ and B = At~+l in the first inequality of Lemma 4.2, we 

can estimate 

(1 
iESk (Ati+l \ At i )+x 

< c • 2 n -k  • - -  

1 I-kl E Ihnl 
iESk (Ati+ 1 At~ )+x 

1 
IHkl E Ihnl 

Hk+x 

<_ c. 2 n-k • 1 
IHk'~[ E [dn[, 

2Hk +x 

where in the last step we used the second inequality of Lemma 4.2. 

In order to finish the proof of the inequality in (4.2), we just have to estimate 
1 1 2 ~ i eSk  IA-~I IAtT+~ l) " [~-~At,+x hn[ 2" But this is accomplished by again using 
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the inequalities in Lemma 4.2 (with letting both A and B run independently over 

all At,, i E $k): 

( 1 1 )2 A~iT hn 2 ]A~Txhn 2 ( i ~  1 1 ) 2 
[A~, [ Imt~+, I . <_ sup ]A,~ ] Im*,+, I iESk x iE$k ~ 

I 1 < sup rA ,l  iESk Ati + x 
<_ c. 2 n-k • 1 iHk----~ ~ [dul. I 

2Hk 

5. G e n e r a l i z a t i o n s  t o  o t h e r  d o m a i n s  

Theorems 1.7-1.10 were stated for averages over cubes. But the reader should 

have no problem verifying that the proofs also work for averages over balls or, 

more generally, for averages over dilates of a convex region. 

Before we try to indicate the possibility of further generalizations, let us point 

out that our methods do not work for averages over an arbitrary nested sequence 

of rectangles. Indeed, we pose the following problem: 

PROBLEM 5.1: Let A1 C A2 C . . .  be a nested sequence of rectangles in Z d. Is 

it true that for every f C L I ( x ,  ~, m, T) the square function 

is finite almost everywhere? 

In the above problem, it is important to require that f C L1; the case f E L p, 

p > 1, is settled in our earlier paper [10]. 

Describing the regions which could replace the cubes in Theorems 1.7-1.10 is 

equivalent to describing the regions in the sets Ak. 

The description of the sequence (Ak) starts with replacing the original defini- 

tion of the cubes (Hk) by a more general sequence of rectangles: 

Let (s(k)) be a sequence of ga+ vectors so that s(k + 1) is obtained from s(k) 

by increasing at least one but maybe more coordinates by at least 1. We denote 

by Ilk the rectangle 
H [-2sJ(a)'2sJ(k)) C Z d. 

l~_j~d 
The most important property of the regions in Jik is going to be that they do 

not have a too wild boundary. This means that if A E Ak and n is smaller than k, 
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then the total volume of all the translates of Hn that intersect the boundary of A 

should be small compared to the volume of A (which will be a constant multiple 

of Hk). Indeed, what we need to describe is that this ratio of the volumes goes 

to 0 fast enough as the difference between n and k goes to oo. 

So let (a(J)) jez  be a sequence of positive numbers with ~ j  a ( j )  < oc. For 

two regions A, B C Z d, we denote 

B(A, B) = {x [ OA N (B + x) g: 0}, 

where recall that for a region A C Z d we denote by OA the b o u n d a r y  of A, that 

is the set of points which have neighbors both from A and from the complement 

of A. 

We are now ready to describe the properties of the regions in ,Ak; they should 

satisfy: 

(1) A C H k f o r A c A k ;  

(2) there is a positive constant c so that clHk] < IA[ for every A E Ak and k; 

(3) for n _< k, and for A e A~ we have IB(A, Hn)I/IHkl < o'2(n - k). 
Once (Ak) is defined, the concept of a regular sequence is the same as before: 

we call the sequence (At) of regions r egu l a r  (with respect to (.4k)) iff they satisfy 

the following conditions: 

• for every n and t E [2 n - l ,  2n), we have At E An; 
• [A,[ < [At[ if s _< t; 
• if 2 '~-1 < s < t < 2 n for some n, then A, C At. 

The last step in our general setup is to identify the reverse martingale. Denote 

the set of rectangles of the form 

I-I [mJ 2*'(k)' (mj + 1)2 *'(k}) C Z d 
l<_j<d 

by Dk. For a function f : Z a -+ R, we denote by gkf  = fk the expectation of f 

with respect to the a algebra generated by Dk. 

Now the reader should have no problems proving the appropriate generaliza- 

tions of Theorems A' and B, and hence the geueralizations of Theorems 1.7-1.10. 

In the rest of this section, we give examples for various choices of Ak for which 

the above assumptions are applicable. 

Examples: These examples are in Z 2, but easily extended to Z ~ for any d. In 

all cases one can take or(j) = c. 2 - j /2.  Except in the last case, we leave it up to 

the reader to describe the appropriate (Hk). 

• Let Ak contain all disks containing 0 and of radius between 2 k- t and 2 k. 
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• Let A be a convex region in the plane, and let DtA be the t-th dilate of 

A. Let .Ak contain all translates of DtA, 2 k-1 <_ t < 2 k, which contain the 

origin. 

• For a region A, let XsA be the horizontal dilation and YsA be the vertical 

dilation by the factor s. Let A be a convex region in the plane, and let ,dk 

contain all translates of X~Yd~A, k -  1 <_ u < k, which contain the origin. 

• Let A be the set-theoretic difference of two convex regions in the plane, 

and let Ak contain all translates of X2,,Yd~,A, k - 1 <_ u < k, which are 

contained in the rectangle Hk = [ -2  k+l, 2 k+l) × [ -4  k+l, 4k+1). 

6. A n a l o g s  in ~d 

It  is rather straightforward to extend our results to averages over regions in the 

Euclidean space ]R d. Instead of repeating almost verbatim the previous section, 

we just concentrate on a single, but general enough example in ~d to illustrate 

the point. 

For a region A in R d, let X~A be the dilation by the factor s in the j t h  

coordinate direction, j = 1, 2 . . . .  d. Let A be a region in R d with nonempty 

interior and with piecewise smooth boundary. Let a l ,  c~2 . . . .  , (~d be positive 

integer powers of 2. For each integer k (so we consider negative k as well!), let 

~dk contain those translates of X1 i, d ...X,~$A, k - 1 <_ u < k, which are contained 

in the rectangle Hk---- t - ~ l  ,c* 1 ) × "'" × [--~d ,tXd )" 

The collection (At)-cc<t<~ = (At)-~<t<~ (.f, x) of regions is called r e g u l a r  

iff: 

• for every integer n and real number t C [ n -  1,n), we have At C A~; 

• IAsl _< IAtl if s < t; 
• if n -  1 < s < t < n for some integer n, then As c At. 

For each n, the nth  a algebra an is generated by atoms of the form 

[slaT, (sl + 1)aT)  × . . .  × [sda'3, (sd + 1)a~) .  We  denote by ~n the expecta- 

tion with respect to ~n. The average MAf(x) of a function f :  R 2 -+ R on the 

region A C R 2 is defined as MAr(x) = ~ fm f (x  + y)dy. 
With very little modifications to the proofs, the reader can prove the 

"continuous" (R d) analogs of Theorems A', B and 1.7-1.10. Additional care 

has to be taken only in the selection of the regular sets (At)t>o for each x and f 

to make the operators Lebesgue measurable. 

The easiest way to assure the measurability of the operators is to choose the 

At independently of x and f .  For example, let At = X~i . . .Xd tA .  In this case, 

the corresponding A-jump, variational and oscillation operators are measurable 
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for every locally integrable function. Indeed, the measurability of the operators 

is clear if we restrict the allowable set of t's to a finite set. By the continuity 

of the averages over the At, we then get measurability for the operators when 

the t's are restricted to a compact interval. Finally, the measurabilty of the 

operators allowing the full range of t's follows by taking a sequenece of intervals 

that exhaust the interval (0, c~). 

We can now state Theorems C, D and 6.1 6.4 which are "continuous" analogs 

of Theorems A', B and 1.7-1.10, respectively. 

In these results, we assume that At = X ~  . . . X ~ A .  

THEOREM C: We have 

(n ~ 2\~/2/ sup IMAf -- Enfl ] <- Cp . Ilf[lLo (1 < p < 2), 
AE.A~ LP 

and 

y ~  sup IMAS- gnSI 2 > ~ _< _c. IISN>. 
\ -'~'- AEAn Oz 

Recall the remark after Theorem A: the constants c, Cp here and elsewhere in 

the paper may depend on the dimension d. 

COROLLARY: We have 

( ~ n  A,BEA,,sup [MAf --MBf, 2) 1/2 LP ~--CP'[[fI[LP (1 <p_<2), 

and 

A,BEA~ 

THEOREM D: We have 

(ti) 
n --1 <_t i <tiq_ 1 <n 

and 

2\1/2 } 
IMaf  -- M s f l  ) > a <_ c.a IlfllL~. 

IMAq f - MAt~+I f[ 2) 1/2 Lp ~ Cp" [If[ILp (1 < p < 2), 

(t~) i 
n-l<_ti<ti+l <n 

IMAqf  -- MAq+lft  2) > a <-- c'tlfllLI"c~ 

In the above, the supremum is taken over all increasing sequences (ti)iEz. 
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THEOREM 6 . 1  : Let (tk) kCZ be an increasing sequence of numbers. Then we have 
the inequalities 

( ~ l M A ' k f  --MA~k+~f[2) ~/2 Lv <cp.llfl[L~ ( 1 < p _ < 2 ) ,  

and 

}l > ~  -< S I I S I I '  

The constants do not depend on the sequence (tk). 

THEOREM 6.2: Let (vk)kez be an increasing sequence of positive numbers. Then 

we have the inequalities 

(E sup [MA.f -- MAtf[2~ I/2 <_ Cp " ][f]]Lr' (I <p _< 2), 
II \ k vk<_s<_t<vk+x :1 LP 

and 

{ ( E  Slip ,MAsfMAtf,2) I/2 } c - > c ~  < - - ' l l f [ I L 1 .  
\ k vk<.s<t<vk+l O~ 

The constants do not depend on the sequence (vk). 

THEOREM 6.3: 

II(J((MA,),A))I/2I[L, < Cp. [IfllLp (1 < p  < 2), 

and 

COROLLARY: 

[{A. (j((MA,),A))I/2 > o~}l _< c .  IlfllL1. 
o~ 

c 
I{J((MA,), A) > N}I <- AN1~ 2 " [If]lL,. 

THEOREM 6.4: For every co > 2, we have 

(suPEIMAqf MAq+lf[e) 1/0 - < cp,~. IlfllLp (ti) i LP 
and 

( l < p _ <  2), 

sup~ '~ lMn~, f - -MAt i+t f l  ~ > a  --< - - "  IlfllL1. 

Above, the suprenmm is taken over all increasing sequences (ti)i~z. 
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7. Open problems 

PROBLEM 7.1: Let  A1 C A2 C . . -  be a nested sequence of disks in Z d, and let 

p > 2 .  

Is it t rue that then for every f ~ LP(X, E, m, r ) ,  the square-function 

(~n '~ lA . f  -- J lA.+l f ,2)  l/2 

is finite ahnost everywhere? 

PROBLEM 7.2: Let A1 C A2 C . . .  be a nested sequence of ellipsoids in Z d, and 

let p >_ 1. 

Is it true that then for every f C LP(X, ~,, m, 7-), the square-function 

)1. 
IAIA~/-- MA,+I/I 2 

is finite almost everywhere? 

PROBLEM 7.3: Let A1 C A2 C . . .  be a nested sequence of rectangles in Z d. 

Is it true that for evew f E L I ( X , E , m , r ) ,  we have 

I{A. ( j ( (MAt) ,A))I /2  > c~}l < c .  Ilfllel? 

PROBLEM 7.4: Let A1 C A2 C . . .  be a nested sequence of cubes in Z d. 

Is it true that for every f E LI (X,  ~, m, r ) ,  we have 

C 

I(J((MA,),A) > N)I _< A. N"  Ilfllel? 

Finally, for the reader ' s  convenience we repea t  

PROBLEM 7.5: Let At C A2 C . . .  be a nested sequence of rectangles in Z d. 

Is it true that for every f E L I ( X,  E, m, 7-), the square-function 

\ 1/2 

~--~ lJ/[A.f - J<A.+, fl 2) 
~2 

is finite almost everywhere? 
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8. Notes  

The transference principle appears in [5]. 

Oscillational inequalities for the usual ergodic averages were first considered by 

Gaposhkin in [7, 8]. He considered the case nk = 2 k. Then J. Bourgain 

considered oscillation inequalities in [3]. The inequality is rather hidden in 

[3, inequality (7.10)]. The method there works only for the subsequence 

21--y En<2 k f (vn) .  H. White has some improvements on Bourgain's method; 

his work appears in his Master's Thesis at The University of North Carolina 

and was published in [1]. The method of [9] used to prove weak (1, 1) bounds 

for oscillation inequalities does not work for higher dimensional actions (this 

fact was the main motivation for the present paper). 

Variational inequalities for the usual ergodic averages were first considered by 

J. Bourgain in [4, Corollary 3.25]. 

Upcrossing inequalities for the usual ergodic averages were proved by Bishop, [2]. 

Curiously, Bishop's methods work only for the averages } En<t f(7"n), and 

they do not work for the symmetric averages, z 7,~ E]nI_( t f (  ), or for 
higher dimensional averages. Kalikow and Weiss in [11] devise a method 

to handle the symmetric averages as well as symmetric higher dimensional 

averages. Kalikow and Weiss's method does not seem to be able to handle 

arbitrary nested sequence of cubes. The methods in [9] handle the averages 
1 IINI EnCV_IN f(Tn) for any nested sequence (IN) of intervals. The methods 

in [9] do not work for higher dimensional actions. 

The Calder6n-Zygmund decomposition is in [6]. 

The simple proof of the almost orthogonality lemma is due to E. Lesigne; he is the 

one who noticed that it follows immediately from the convolution inequality, 

II~ * blle~ _< Ilallo" Ilblle, • 
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