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ABSTRACT

In this paper we continue our investigations of square function inequali-
ties. The results in [9] are primarily one dimensional, and here we extend
all the results to multi-dimensional averages. Our basic tool is still a
comparison of the ergodic averages with various dyadic (reversed) mar-
tingales, but the Fourier transform arguments are replaced by more geo-
metric almost orthogonality arguments.

The results imply the pointwise ergodic theorem for the action of com-
muting measure preserving transformations, and give additional informa-
tion such as control of the number of upcrossings of the ergodic averages.
Related differentiation results are also discussed.
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1. Introduction, main results for cubes

Let (X,X,m,7) denote a dynamical system with (X, %, m) a o finite measure
space and T = 7, a measurable, measure preserving Z¢ action on X.

For a region A C Z% and f : X — R, M4 f(z) denotes the average operator

over A: )
Ahﬂﬂ=iﬂ§:ﬂwﬂ~
yeA

The ergodic theorem of Wiener says that if (A,,) is a sequence of cubes in
Z% with |A,| — oo and each A, containing the origin, then the averages M4, f
converge almost everywhere for f € L!, and the maximal function sup,, |[M4, f|
is weak type (1,1) and type (p,p) for p > 1.

In the particular case, when X = Z¢%, m is the counting measure, and 7,z =
x + y, the maximal function sup, |Ma4, f| is just the Hardy-Littlewood maxi-
mal function. By the transference principle of Calderén, the Hardy—Littlewood
maximal inequalities imply those for the ergodic maximal function. This remark
applies to all the inequalities to be proved in this paper: the real work is to be
done on the acting group, and a routine argument transfers the result to any
dynamical system.

An important observation, that will be very useful in obtaining the results to
follow, is that there is a square function that connects a (reverse) martingale with
averages over cubes. Let X = Z%. For n =0,1,..., let o, be the n-th dyadic o
algebra; that is, oy, is generated by the dyadic cubes,

[s127, (s1 +1)2™) X [227, (s2 + 1)27) x - -+ x [542", (54 + 1)27)

where the s;’s are integers. Denoting by &£, the expectation with respect to oy,
we have

THEOREM A: For each n, let A, be a cube in Z¢ with side-length 2" and con-
taining the origin. Then

1/2
H(Z My, f - san)

<ep-llfller (1<p<2),
P

and

<

N ller-

{(;lMAnf —ean) . a}

Remark: The constants c, ¢, in Theorem A as well as in the other results of this
paper may depend on the dimension d. Also, the value of the constants ¢, C are
not fixed, and it may change even in the same argument.

C
(03
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Theorem A allows us to use results known for reverse martingales to obtain
results for averages over cubes. In fact, we will prove a stronger form of Theo-
rem A. This strengthened version allows the sequence A,, to depend on the point
x and on the function f. Denote

= [_2n+1’ 2n+1)d

and let A, contain all cubes with side-length between 2"~! and 2" which are
contained in H,. Note that for each point x, the atom H of ¢, containing
the point z satisfies H — x € A,; in other words, for some A € A, we have

Enf(x) = Maf(x).

THEOREM A’: We have

1/2
_ 2
(3 g vias -eurr)

e < lfle (1<p<2),

and

A fller-

an

1/2
(3 s s =eurP) >

An immediate corollary is

COROLLARY: We have

J(Z sup |Maf — MBfP>l/2

A eﬂ

<o lflle (1<p<2),
o

and

<

WAl

‘{(Z sup [Maf - MBf|2)1/2>a} <

A,BEA,

Let us list a few interesting consequences of Theorem A’. In Examples 1.1-1.5,
for each z € Z% and function f, (A,) is a sequence of cubes with A, € A, for
each n. In other words, the side-length of the cubes forms a lacunary sequence.
Because of this restriction on the sequence (A,), some of the results quoted in the
examples are not in their most general form. For example, the Hardy-Littlewood
maximal inequalities are basically derived only for averages over dyadic cubes. In
case of the Hardy-Littlewood maximal inequalities, this more restrictive result
simply implies the general form of the maximal inequalities, but in the other
cases we will see how Theorem B below can be used to obtain the most general
results for averages over cubes.

Note also that all the inequalities mentioned for the averages M4 are valid in
any dynamical system by the transference principle.
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Example 1.1 (Hardy-Littlewood maximal inequalities): We can assume that the
function f is nonnegative. Then the Hardy-Littlewood inequalities follow from
the pointwise estimate

sup Ma, f <sup&nf +sup|My, f - Enf]
1/2
<sup&nf + (D 1Ma,f - £af?)

and from the maximal inequalities for reverse martingales.

Example 1.2 (Square-function inequalities): We have the inequalities

1/2
H <Z IMAnf - MAn+1f|2>
n 24

<o |lfllee (1<p<2),

and

< = |[fllg-

H (Z |Ma, f ~ MAanl?) " a}

This follows from the pointwise estimate

C
«Q

lMAnf - MAn+1f‘ S lgn.f - gn-Hfl + lMA"f - gnf] + |MAn+1f - £n+1f|

and from the inequalities for (37, |E,f — Env1f])?) V2.

Example 1.3 (Oscillation inequalities): Let ny < na < --- be a sequence of
integers. We have the inequalities

1/2
(Z sup |MA,,f—MA,,,f|2) <epllflle (1<p<2),
k

and

nE<n<M<Ng 41 44
1/2 c
{(S, s as-mas?) >af[< Sl
& ng<n<m<ngy @

Note that the above inequalities in a dynamical system directly imply almost
everywhere convergence of the averages M4_f. The inequalities follow from the
pointwise estimate

|Ma, f—=Ma, Sl <|Enf = Emfl+ My, f—Enfl+ M, f—Enfl

and from the well-known inequalities for (3", sUp,,, cn<menys, 1Enf = EmfI?)/*

(cf. [9, Theorem 6.1]).
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Example 1.4 (Jump inequalities): First, recall the concept of ‘A-jumps’. For
A > 0, we define the number of A-jumps, J((Ma,)),A) = J((Ma,(f z)),A), as
the largest NV for which there are indices n; < ng < -+ < ny with

(Ma,, f(z) = Ma,,, f@)]>X i=12..,N-1
We have the inequalities
I+ (M) )2 ee < [l flles (1< <2),

and .
D (A Y > 0} € [l

Taking o = A - N/2 in the weak (1,1) inequality, we obtain

HJ((Ma,), ) > N} <

C
SN £ llgr-

To obtain the inequalities, estimate first as

MWI((Ma,) X) S MW I(Ma, = ), A/2) + M I((€x), A/2)-

The first term above is handled with the estimate

MW a —E) T < 2- \[z Mo, (F2) ~ Eaf ()

The second term is handled by the appropriate inequalities for reverse martingales
(cf. [9, Section 6]).

Example 1.5 (Variation inequalities): For any g > 2 we have the inequalities

1/e
(S e

Sepe lflle (1<p<2),

¢p

and

C
< Eg N flle:-

/e
(32t =t e) >}

Above, the supremum is taken over all increasing sequences 11 < ng < - - -.
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The inequalities follow from the pointwise estimate

1/e
(S0, s = M, 119)

1

/e
S(z I(MAnif - gnzf) + (Eni+1f - ]WA,,H_lf)IQ)

1
+ (s =)

i

1/2
< (UM a S = E0uf) + e = M, )
2 /o
" (Z 6] En,-+1f|9)

1/2
<912 (Z(MAnf ~.17)

i/e
+ (Z |£711f - g’fli+1ftg>

and from the inequalities for (sup,,) >, 1€n, f = Eniy, £19)1/€ (cf. [9, Theorems
6.2 and 6.4]).

So far, the sequence (A,) of cubes has been restricted in the sense that A, €
An, that is, roughly speaking, the sequence of side-lengths forms a lacunary
sequence. Of course, one would like to consider more general sequences (A;)
of cubes, where for a given n there might be several indices t with A; € A,.
A natural example would be a sequence (A;) of cubes with A, of side-length t
and containing the origin. In this case, 4; € A, for 2"7! < t < 2". While
the maximal function sup, |My, f| is bounded for such a sequence of cubes, the
oscillatory operators we consider in this paper may fail to be bounded even in
dimension d = 1 without further assumptions on (A;).

To illustrate the problem one may encounter, consider the sequence (A;) of
intervals defined by

4 = J[0:27) ifteven, 2" <t < 2nH!
ET (=27,0] if t odd,

and define the function f, : Z — R as

1 ifo<z<2,
f"(m)_{—l if —2" <z < 0.
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Clearly, we have || fu[|,» = 2®*1/2. On the other hand, we have

> an-1
("2

1/2
]l( MAtfn _MAt+1fn)2>

which means that the square-function (3°,(Ma, fn — Ma,,, f2)*)/? is not a
bounded ¢2 — ¢? operator.

To see the above inequality, note that for 2" < ¢t < 2"*! and x € [-2"/4,2"/4)
we have |My, fn(x) — Ma,,, fn(z)| > 1. As a consequence, we have

éZ(MA:f11 - MA¢+1fn)2 = Z/(MAefn - MAt+lle)2
t
> Z / MAtfn MAt+1f7l)

2n <t antt
>2".2"/2,
proving the inequality.

The further assumption we make on the sequence (A;) is that if A; and A,
are both in A,, for some n, then one of them contains the other. In other words,
for every n the sets A; with A; € A, are nested. We'd like to emphasize the
distinction between the set .4, and the sets A; with A; € A,,. Only the latter
one, for each z, forms a nested sequence.

The conditions we use are summarized in the following definition:

Definition 1.6: We call the sequence (A;) of cubes regular iff they satisfy the
following conditions:
e for every n and ¢ € [2"71,27), we have 4, € A,;
o A | <A ifs <t
e if 271 < g <t < 2" for some n, then A, C A;.
The next theorem enables us to extend all the results for ‘lacunary’ A,’s to an
arbitrary regular sequence of A,’s.

THEOREM B: Suppose that for each x and f, the sequence of cubes (A;) Is
regular. Then we have the inequalities

1/2
(S5 W 17)

At; At €An

<cp-flle (1<p<2),

r
and

<

Ml

Qlﬁ

1/2
(S T mwsom i) el

Ay Ay, EAn
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In the above, the supremum is taken over all increasing sequences t; <ty < ---.

All the applications of Theorem B are based on the following observation:
Suppose (A;) is a regular sequence of cubes and consider, say, the operator

(S Ma f - Ma,, 1)

?

For each index ¢, either both A, and Ay, , are from the same set A, or A;, € A,
and A, € Ay, for some n < m. Denoting

S ={i| A, At,,, € A, for some n},
L={i| Ay, € An, Ay, € An, for some n < m},

we estimate as

1/2 1/2
(ZlMA“f_ MAtinP) S(ZfMAtif - MAt,.Hf\Q)

i€S
1/2
2
+ <Z |MAtif - MAti+1f| )
€L
Typically, we refer to the version of a given operator we get by restricting the
indices ¢ to S as the “short” version, and restricting the indices to £ we obtain
the “long” version of the operator. Hence the first term in the above sum is the

short version of (3, [Ma, f — Ma, f1%)'/2, and the second term is the long
version.

i+1

We have already shown how the long versions of an operator can be handled
using Theorem A’, and the short versions are handled by simply invoking
Theorem B.

In the following theorems, we assume that for each point z and function f, the
sequence (A;) is regular. We omit the proofs since, with only minor modifications,
they are very much like the earlier proofs. The basic idea, like before, is to
consider the short and long versions of the operator separately.

THEOREM 1.7: Let v; < v < --- be a sequence of positive numbers, and for
each x and f let t; be such that |A;,| = vi. Then we have the inequalities

1/2
H (S 0ta s = Ma, 7)

k

<cp-llflle (1<p<2),

144
and

<

ANl

Cc
[0}

1/2
H (Z |Ma,, f - MA,Mfl?) > a}
k
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The constants do not depend on the sequence (vg).

THEOREM 1.8: Let vy < vy < --- be a sequence of positive numbers. Then we
have the inequalities

H( T conen S MAzflz) N LS lfle (1<p<2)

k ’U)c<|A |<|At|<L’k+1

and

A flle-

le

1/2
(5 ) )
& vk <IAs|<|Adl<vr4a

The constants do not depend on the sequence (v).

THEOREM 1.9:

1/2
e () | <o tle aepza)

44

and .
A (T(Ma) A2 >} < = [ £l

COROLLARY:

(M) N) > N} < 57z - o

THEOREM 1.10: For every ¢ > 2, we have

1/e
sy

Sepolfller (1<p<2),
(44

and

1/
]{(@upanAtf MAt+1f|Q) g>a}

{t:)

C
< Eg A fller-

Above, the supremum is taken over all increasing sequences t; <ty < ---

In this introductory section we considered averages over cubes only. In
Section 5, we explain that our methods can be used to obtain analogs of
Theorems 1.7-1.10 for other regions such as balls or even certain nonisotropic
dilates of a fixed region. In Section 6, we discuss the differentiation analogs of
our theorems in RY.
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2. An almost orthogonality lemma

The proofs of Theorems A’ and B consist of proving the (2,2) and the weak (1,1)
inequalities; the (p,p) inequalities follow by interpolation.

The proofs of both the (2,2) and the weak (1, 1) inequalities rely on the fol-
lowing simple almost orthogonality result.

LEMMA 2.1: Suppose (S,)nez Is a sequence of subadditive (|S(f(x) + g(z))| <
ISf(z)| 4+ |Sg(x)|) operators on L? in some o-finite measure space. Let (in)nez
and (v, )nez be two sequences of L? functions. We assume that there is a sequence
(0(j))jez of positive numbers with w = Zj o(j) < oo such that

[Skunlly < o(n — k)l[vall,

for every n, k.
Then we have

>

k

sup [S Z Un |

I j<ngm

2
<w?- Y fulld,
2 n

where the supremum sup; .., is taken over all j,m with j < m.
Furthermore, if the S are continuous, f =", un, ., vall3 < C||f|13, then

ST ISefl3 < € wt - lIf)E
k

Proof: First note, using the subadditivity of the S, that

spp|Sk Z Un|§$up Z IS ke |

P j<n<m I j<n<m
= E |Skun|,
n

hence, by the triangle inequality for the ¢? norm,
sup Sk D unll <D Sktnlly.
2 n

Im j<ngm
Because of the assumption ||Sxunlls < o(n — k)|vnllg, setting b, = ||vn|ls, it is

enough to prove
; (;om - k)bn)2 < (anrf(n))Z : ;bi

But this is equivalent to the well known inequality for the ¢2 norm of the convo-
lution of two sequences, [|o * bl ,2 < ||al,1 - [b]l - |
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3. Proof of the L? inequalities

Proof of Theorem A’: Let us write f = > d, where d; = f — & f and d, =
En—1f — Enf for n > 1. Then we have [|f||Z =X, lldn||%-
Let Ay, be such that sup4c 4, [Maf(x) — Enf(2)| = [Ma, f(x) — Ef(2)].
Taking Sy defined by Sgg(x) = M4, g(x) — Exg(x), uy = v, = d,, and o(j) =
¢- 271172 in the almost orthogonality lemma, Lemma 2.1, we see it is enough to

prove
(3.1) [(Ma, = Ex)dnllz < 27" Fl|dy 12,

In order to prove (3.1), let us first assume n > k. Since in this case £xd,, = d,,
it is enough to prove

(3:2) IMa,dn = dull3 < ¢+ 257" dall3-

Let us denote by D, the set of all atoms of the nth dyadic o algebra o,, and
write

“MAkdn - dn”% = /Zd |MAkdn - dn|2

= > /|MAkdn—dn|2.
H

HED,_,

We want to estimate [, |Ma,dn — dyn|* for H € D,_;. Since d, is constant on
the smaller atom H, we have (M4, d, — dp)(z) = 0 if Ay + 2 C H. It follows
that (Ma,d, —dn)(x) may be nonzero only if Ay + x intersects the boundary 0H
of H. Since A, C Hy, the measure of those & in H for which A, + 2 NOH # 0
is at most a constant multiple of 2(¢=1% . 25 Denoting by m,, the maximum
of |d,| on the cubes neighboring H in D,_;, we certainly have the estimate
|(Ma,dn —dpn)(z)] < my(x) for every z € H. It follows, since m,, is also constant
on H, that

/ {(Ma,dn — dn)(ac)|2 < c-2d=Dn ok, sup mfl(r)
H T€EH

— k—n 2
=c-2 -/mn.
H

Summing the above over H € D,_; and noting that f,,mZ < c- [ ,]dn[? we
have finished the proof of (3.2).

We now turn to the proof of (3.1) in case k& > n. In this case we have £;.d, =0,
so0 it is enough to prove

(3-3) 1M adnll3 < c- 2" F[ldn]l3.
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In fact, we will prove the following pointwise estimate:
(3.4) |Maydn(@)|* < ¢ 2% Mg, |da ()|

We get (3.3) by integrating both sides of (3.4) on Z¢.
The proof of (3.4) involves a computation we are going to use quite a few times

later, so we formulate it in a lemma:

LEMMA 3.1: There is a constant ¢ so that for any A which is a set-theoretic
difference of two sets from A and for any B € A, we have

2
1
—Zdn> <e-onvkL > ldnlt, n <k
(‘Bl Atz lHkI Atz

Note that for any A € Ay, one can find an A’ € A; which is disjoint from it,
hence A~ A’ = A. This is because the side-length of any A € Ay, has side-length
less than 2¥, which is half that of Hj.

The inequality in (3.4) follows by taking A = B = Ay in the lemma.

Proof of Lemma 3.1: 'We know that for every H € D, we have f g @n = 0. Hence

we can estimate
Sa-Y Y

A4z HeD, (A+z)nH
-y Yo
(A4+x)NH

Hma(A+z);e0
Denoting B(A4) = B(A.n,x) = J{(A+z)NH | HeD,, HNO(A+z) # 0}, we
can then estimate, using Cauchy’s inequality,

2
(z z) <IBA)- Y 1dal?
Atz B(A)
Now, since A is a difference of two sets belonging to Ay, the measure of B(A)

is not more than a constant multiple of 27 - 2(¢=D¥% Also, B € A; implies that
|B| > ¢- 2% > |Hy|, and hence dividing both sides by |B|* we get

<|B|Zd> <cr g D

B(A)

<. o0 dn|?.

< tHIZH N
A+x

Proof of Theorem B: The structure of the proof is very similar to that of
Theorem A’.



Vol. 135, 2003 OSCILLATION IN ERGODIC THEORY 13

Write f = >, dyn, where dif = f - & f and dy, = Enrf — Epf for n > 1.
Denoting

S = Splx) = {i ] A, Aryy, € Ax}

this time, we take Sy defined by Sgg(z) = (3¢, |(Ma,, ~ MAtm)g]?)l/?(x),
Up = vy = dy and o(j) = c- 271/ in the almost orthogonality lemma. It is
enough to prove

(3.5) / S U(Ma, — Ma,, )dal2 () < c- 27 =Hld, 2.
€S

To prove (3.5), let us first assume n > k. Recalling that D, denotes the set of
all atoms of the nth dyadic ¢ algebra o, write

/ Z | MA: MA: +1 d I2 Z / Z l MA: MA: +1 d |2

1E€ES) HeD, 1€ESk

We want to estimate fH Zz‘esk |(MA:,. - MAtm)an for H € D,_;. Since d,
is constant on H, 3 ;s |(Ma, — Ma,,,, )dy|? can be nonzero only if for some
i € Sk at least one of the cubes A, + x or A4;,,, + x intersects the boundary of
H. But by the definition Sy, A, and A¢,,, are both contained in Hj. Hence the
set of z’s for which ZzESk (M4, — MA‘i+1
in the set of z for which Hy + z intersects the boundary of H. The measure of
this latter set is not more than a constant multiple of 2(¢=1)n . 2k:

. )d,|? might be nonzero is contained

1/2
(100, = Ma JP) @) <3 [0, - M, o)

1E€ESk i€S,
SIS SES

1€Sy , t”’l, (A, i1 \At Y+

' (lAltJ |Atm|> > lda|

Ay +x
|H| Z | + |HIH§x|dnl
<c- A/-[Hkldn|(m)'

Denoting by m,, the maximum of |d,| on the cubes neighboring H in Dy, we
certainly have the estimate My, |d,|(z) < m,(z) for every x € H. It follows,
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since m,, is also constant on H, that

/ S ((Ma,, — Ma,,, )dal?(z) < ¢ 2400 2% sup m (z)

€8, xeH

:c-2k“"'/ m2.
H

Summing the above over H € D,_; and noting that [,,m2 < c- [,4]da|?, we
have finished the proof of (3.5) in case n > k.

Let us now prove (3.5) for the case k > n. It is enough to prove the pointwise
estimate

(36) D (M, = My, )P (2) < e 2"7F - My, dy (z).
1ESk

Indeed, we get (3.5) by integrating both sides of (3.6) on Z<.
Write first

Z |(MAt, - MAfi+1 )d"|2(x) < Z <|A1 Z dn)

€Sk i€Sk t“+‘|(m,~ N Ay )+
> dn

+
Z <|At1 |At1+1|) A +.’E

1€Sk

Taking A = A;,,, N A, and B = A, , in Lemma 3.1, we can estimate

S T a)serty ¥4

Ay,
1€S) I ti+1 | (Ati+1 ~ Ati Ytz ZESk (Ag ~ At Yz
n—k 1 2
Le-2"77- TH| Z dy,s
02

where in the last step we used the fact that the sets A;, are nested for i € ;.

141

In order to ﬁnish the proof of the inequality in (3.6), we just have to estimate
Yies (A A1, P A: 1| 23 Ag,+a On |2. But this is accomplished by again using
Lemma 3.1 (with lettmg both A and B run mdependently over all Ay, i € S):

1 1 )2 < 1 )2
i . < sup dn, —
iEZSk (lAtll |Aii+1| A;z n i€Sy, AZ-I-J; 'LEZS | tl |At1+1|
< sup dp) - sup ——
1ESy AZ_H: 1E€Sk 1Ati12
1

<e -k —_NT@2 g

- |Hl 2
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4. Proof of the weak (1,1) inequalities

The proofs follow the classical scheme of Calderén-Zygmund, but we need to
make a modification in estimating the “bad” part of a function. Namely, instead
of the ¢! norm, we will estimate the ¢2 norm of the bad function off the set
where the maximal function is large. We made a similar modification to the
Calder6n-Zygmund scheme in [9].

Let us now give more details. Suppose we want to prove that an operator O
is of weak type (1,1), that is we want to prove the inequality

[EdP
{Of > e} <e- ==

Since this inequality is homogeneous in a we can assume o = 1, so we need to
show

HOf > 1H <c-[Iflla-

First, we decompose f into good and bad parts: f = g + b. The properties of
this decomposition are summarized in the following result of Calderén-Zygmund

(cf. [6]).
LeMMA 4.1 (Calderén-Zygmund decomposition): Any f € ¢'(Z%) can be
written in the form f = g + b where

(1) llgl3 < c-lIflly:
(2) b=3;b; where each b; satisfies:
(a) for some n, b; is supported in a cube B; € Dy,
(b) fzabj = [p,0; =0,
(©) 1851y < e~ |Bjl,
(d) 22;1Bl < lIflhs-
We note that the cubes B; in the lemma are pairwise disjoint. In the rest of
this section, B; refers to a cube from the Calderén-Zygmund decomposition, and

we denote by B the collection of all the B;.
We now estimate as

{Of > 1}/ < [{Og > 1/2}| + [{0b > 1/2}].

The operators we consider here have been proved to be type (2,2) in Section 3,
which makes the estimation of the good part obvious by 1. above:

{0g > 1/2}| < 4- / g2

<e-lgll3
<c- |l
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Before estimating the bad part, let us introduce a notation. For each j let Bj
denote the cube with the same center as Bj, but with each dimension expanded
three times. We can write

{Ob > 1/2}] = |u; B;(){Ob > 1/2}| + (2%~ U;B;) [ |{Ob > 1/2}.

The first term is estimated, using 2./(d), as

|U; Bi [ {Ob > 1/2}] < ZIBj1
=343 "|B)|

<31l

The second term is estimated as
(@4~ Uy By) ({00 > 1/2}] < 4- / lob?.
d~ UJ'B]'

We see that O will be weak type (1,1) if the integral [, U, B |Ob|? is successfully
estimated by a constant multiple of || f||,. Indeed, in the proof of both Theorem A’
and Theorem B, we will prove a bound of the form

oo < Y013,
/Zd\ujB,- XJ: ’

which, by 2./(d)}, is a sufficient bound.

Proof of Theorem A’: By the preliminary remarks, it is enough to prove the
inequality

sup |Mab—Eb2 < ec- an Il
24~ U; B; ACA;

We will prove this inequality using the Almost Orthogonahty Lemma, Lemma 2.1.
Let Ay € Ay be such that supse 4, |[Mab — Exb| = |Ma,b — Ecb|. Let us group
together the B; of the same size, so write b=} h, where

> b

Bj €D, NB

The fact that we just consider @ which is in Z¢ \U; Bj has two important con-
sequences.

First, Eb(x) = 0 for every k. Indeed, if n > k then Exh,(x) = 0 because the
atom of o, containing z is disjoint from the support of h,. On the other hand,
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if n < k, for each B; in the support of hy, the atom of o containing x is either
disjoint from B; or it contains the entire B;. But then, by 2./(b), £xb;(x) =0
for all B; in the support of h,, hence Exhy(x) = 0.

The second consequence of x being in Z~ Uij is that M4, h,(x) = 0 for
n > k. This is because x + Ay is disjoint from any of the B; in the support of
Ry

As a consequence of this discussion, we see it is enough to prove

2
/Zd\Ujéj Z MAk Z hn| Se ]Z”bJul

k n<k
Let
dn = Z 1,
B; €D, NB
Since

D lldallz =Yl
= Z |B;l,

taking Sy defined by Sig(z) = M4, 9(x), up = hp, vy, =dp and o(j) =c- 2= 1il/2
in the almost orthogonality lemma, Lemma 2.1, we see it is enough to prove, for
k>n,

“MAL,h'n”?? <c- Zn_k ' ||dn||§2

This follows if we prove the pointwise inequality
(4.1) [Ma, bl < - 2" F Mo, |dn)-

Indeed, integrate both sides of the above and use the fact that d,, = d2.
The proof of (4.1) involves a computation we will repeat several times later,
so we formulate it in a lemma that is similar to Lemma 3.1:

LEMMA 4.2: There is a constant c¢ so that for any A which is a set-theoretic
difference of two sets from A, and any B € Ay we have the two pointwise

(i2h>2<.2n~k.izlh] <k
Bl ) ST DT T

estimates

Atz Atz
ST hal < Y ldnl, n <k
A+x 2H +x

The inequality in (4.1) follows from the lemma by taking A = B = A;.
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Proof of Lemma 4.2: The proof of the second estimate is simple since, by 2./(c},

STl <Y Ikl

A+z Hy+x

YooY Il

B;eD,NB (Hk+rl:)ﬂB'

2 Zlhl

B;€D,NB
B ﬂ(Hk+z);é0

2 2

FAN

INA

Bj €D NB
B; n(Hk+z);60

> dn

2Hi+x

IA

Let us now prove the first inequality of the lemma. We certainly have

R ED L

A4z Atz

On the other hand, by property 2./(b), we have

;hn: Yo b

B; €D, NB ANB;

> T

BjEDnNB ANB;
Bjﬁ@A#@

Hence, introducing B(A) = B(A4,n,z) = | {B; | Bj € D, NB, B; NJA # 0}, we

have, by 2./(c),
\Zhn <3 Jhal
A

B(A)

<> ldal

B(A)
= [B(A)].
Now, since A € Ay, is a difference of two sets belonging to Ag, the measure of

B(A) is not more than a constant multiple of 2" - 2(4=Dk_Also, B € A, implies
that |B| > c- 2% > | Hy|, and hence we have, dividing both ends by |B|,

ol <e-onk,
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Putting the two estimates on |)_ 4 hy| together, we obtain
1 2
— Y h ) <ec-2 |hinl- [ |
(3 P>

Proof of Theorem B: The structure of the proof is very similar to that of the
weak (1,1) part of Theorem A’.
By the preliminary remarks in this section, it is enough to prove the inequality

w/Zd U. Z Z | MA‘ MA':‘+1 )b|2 S C- Z ”b]”I
~U;B;

k 1€Sk j
Denote
Y b and do= ) 1g;.
B, €D, B, €D,

By an argument similar to the one given in the proof of Theorem A’, it is enough
to prove, for n < k, the pointwise estimate

(4.2) Y My, — Ma, hn(@)? <2778 Mog, |dn].
1€S
Write first
2
Z KMA‘:‘ - MAfi+1 < Z ( t l Z hn)
1€Sk i€Sk U (A S Ay )+

2

>

Aei—f-.’l‘

1 1 \?
ey
e\ 1A,

i+1 |

Taking A = A;,,, N A, and B = A, in the first inequality of Lemma 4.2, we
can estimate

Slao Z hn)2sﬂ2""° AP DR

= Apiyl (Atipy ~ Ar )z 1€Sk (Atgyy ™ Atz
1
Se 2m R —— N k|
\Hil 1=,
1
R el pp— z |dy,
|Hkl 2H; 2

where in the last step we used the second inequality of Lemma 4.2.
In order to finish the proof of the inequality in (4.2}, we just have to estimate
Ziesk(ﬁ}tﬂ - I—A_::T)Q . IZAHH h,|?. But this is accomplished by again using
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the inequalities in Lemma 4.2 (with letting both A and B run independently over
all Atia i€ Sk):

1 ) 2
hn < sup hy ( )
Zezsk <|A"’| IA"“I AX-;Z €Sk AZ_H Z ’Att |At,+1|
2
< sup hn| sup —
i€Sk A“m_ i€Sk IAt.;I
<e- 2k dol. W
A ‘ZI B

5. Generalizations to other domains

Theorems 1.7-1.10 were stated for averages over cubes. But the reader should
have no problem verifying that the proofs also work for averages over balls or,
more generally, for averages over dilates of a convex region.

Before we try to indicate the possibility of further generalizations, let us point
out that our methods do not work for averages over an arbitrary nested sequence
of rectangles. Indeed, we pose the following problem:

PROBLEM 5.1: Let A; C Ay C --- be a nested sequence of rectangles in Z¢. Is
it true that for every f € L'(X,X,m, 1) the square function

1/2
(Z 'MAnf - MAn+1f!2>

is finite almost everywhere?

In the above problem, it is important to require that f € L!; the case f € LP,
p > 1, is settled in our earlier paper [10].

Describing the regions which could replace the cubes in Theorems 1.7-1.10 is
equivalent to describing the regions in the sets Ag.

The description of the sequence (Ay) starts with replacing the original defini-
tion of the cubes (H) by a more general sequence of rectangles:

Let (s(k)) be a sequence of Z4 vectors so that s(k + 1) is obtained from s(k)
by increasing at least one but maybe more coordinates by at least 1. We denote
by Hj the rectangle

[ (2%, 250 c z2,
1<j<d

The most important property of the regions in Ay is going to be that they do
not have a too wild boundary. This means that if A € A and n is smaller than &,
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then the total volume of all the transiates of H,, that intersect the boundary of A
should be small compared to the volume of A (which will be a constant multiple
of Hy). Indeed, what we need to describe is that this ratio of the volumes goes
to 0 fast enough as the difference between n and k goes to co.

So let (o(j))jez be a sequence of positive numbers with )" a(j) < oo. For
two regions A, B C Z%, we denote

B(A,B) ={x | 8AN (B +z) # 8},

where recall that for a region 4 C Z? we denote by dA the boundary of A, that
is the set of points which have neighbors both from A and from the complement
of A.

We are now ready to describe the properties of the regions in Ay; they should
satisfy:

(1) AC Hy for A € Ay;

(2) there is a positive constant ¢ so that ¢|Hy| < |A| for every A € A, and k;

(3) for n < k, and for A € Ay we have |B(A, H,)|/|Hk| < o2(n — k).

Once (Ayg) is defined, the concept of a regular sequence is the same as before:
we call the sequence (A;) of regions regular (with respect to (A)) iff they satisfy
the following conditions:

o for every n and t € [2771,2"), we have A; € Ay;
o |A;] <A ifs <t
e if 2771 < s <t < 2" for some n, then A, C As.

The last step in our general setup is to identify the reverse martingale. Denote

the set of rectangles of the form

I tmy22®, (my + 1)29:®) ¢ 2
1<7<d

by Dy. For a function f : Z¢ — R, we denote by £.f = fi the expectation of f
with respect to the o algebra generated by Dy.
Now the reader should have no problems proving the appropriate generaliza-
tions of Theorems A’ and B, and hence the generalizations of Theorems 1.7-1.10.
In the rest of this section, we give examples for various choices of 4 for which
the above assumptions are applicable.

Examples: These examples are in Z2, but easily extended to Z¢ for any d. In
all cases one can take o(j) = c- 277/2, Except in the last case, we leave it up to
the reader to describe the appropriate (Hy).

e Let A, contain all disks containing 0 and of radius between 2*~! and 2*.
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e Let A be a convex region in the plane, and let D;A be the ¢-th dilate of
A. Let A contain all translates of D, 4, 25=! < t < 2%, which contain the
origin.

o For a region A, let X;A be the horizontal dilation and Y, A be the vertical
dilation by the factor s. Let A be a convex region in the plane, and let A,
contain all translates of XouYsu A, k —1 < u < k, which contain the origin.

o Let A be the set-theoretic difference of two convex regions in the plane,
and let A, contain all translates of XY A, k — 1 < u < k, which are
contained in the rectangle Hy = [-2F+1 2k+1) x [—gh+1 gk+1)

6. Analogs in R¢

It is rather straightforward to extend our results to averages over regions in the
Euclidean space R?. Instead of repeating almost verbatim the previous section,
we just concentrate on a single, but general enough example in R? to illustrate
the point.

For a region A in R%, let XJA be the dilation by the factor s in the jth
coordinate direction, j = 1,2...,d. Let A be a region in R? with nonempty
interior and with piecewise smooth boundary. Let ay,as,...,aq be positive
integer powers of 2. For each integer k& (so we consider negative k as welll), let
A}, contain those translates of X;it .. .ngA, k—1 < u < k, which are contained
in the rectangle Hy = [—af+! o1y x ... x [—a’&“,a’é”).

The collection (A:) —coctcoo = (At)—co<t<oo (f, ) of regions is called regular
iff:

o for every integer n and real number ¢ € [n — 1,n), we have 4, € A,;
o |A;] <Ay ifs <t
e if n — 1 < s <t < nfor some integer n, then A, C A,.

For each n, the nth o algebra ¢, is generated by atoms of the form
[s1a7,(s1 + 1)af) x -+ x [sqal}, (sq4 + 1)a)). We denote by &, the expecta-
tion with respect to a,. The average M4 f(x) of a function f: R — R on the
region A C R? is defined as M4 f(z) = l—}\_l J4 flx+y)dy.

With very little modifications to the proofs, the reader can prove the
“continuous” (R?) analogs of Theorems A/, B and 1.7-1.10. Additional care
has to be taken only in the selection of the regular sets (A;)¢>o for each z and f
to make the operators Lebesgue measurable.

The easiest way to assure the measurability of the operators is to choose the
A; independently of z and f. For example, let A; = ‘Yali .. -XgéA. In this case,
the corresponding A-jump, variational and oscillation operators are measurable
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for every locally integrable function. Indeed, the measurability of the operators
is clear if we restrict the allowable set of t's to a finite set. By the continuity
of the averages over the A;, we then get measurability for the operators when
the t’s are restricted to a compact interval. Finally, the measurabilty of the
operators allowing the full range of #’s follows by taking a sequenece of intervals
that exhaust the interval (0, 00).

We can now state Theorems C, D and 6.1-6.4 which are “continuous” analogs
of Theorems A’, B and 1.7-1.10, respectively.

In these results, we assume that A; = Xéi ~--Xg; A.

THEOREM C: We have

1/2
_ 2
(3 g 1oas - e

Sep-(flle (1<p<2),

Ly

and

< = fllzs-

1/2
{(2 s s —suse) " >o)

Recall the remark after Theorem A: the constants c, ¢, here and elsewhere in

Rlo

the paper may depend on the dimension d.

COROLLARY: We have

1/2
H( sup [Maf - MBf|2>

Seplflle (1<p<2),

Lr

and

< = |lfllzs-

1/2
{(,smp, as =s1ar7) " > o}

n

c
[0}

THEOREM D: We have

1/2
sup (Z Z |Ma, f— MAtmflz)

(t:)

Sep-llfil, (1<p<2),
Lp
n—1<t; <tl+1<n

and

M lla-

{SUP (Z Z (Ma, f— Ma,,,, fi2> v > a}

(t:)

c
a
n—1<t; <t,+1 <n

In the above, the supremum is taken over all increasing sequences (t;)iez.
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THEOREM 6.1: Let (t;)rez be an increasing sequence of numbers. Then we have
the inequalities

1/2
“ (Z IMAtkf - MAck,Hf|2>
k

<elfln G<p<2),

and

1/2
(st ol

k

Al

le

The constants do not depend on the sequence (ty).

THEOREM 6.2: Let (vi)xez be an increasing sequence of positive numbers. Then
we have the inequalities

”(Z <o 'MAsf—MAtfP)l/z Sl (1<p<2).

Uk SsS<t<vp

Nl

Cc
a

1/2
[{(}: sup Lth—quF> >a}
i v <s<t<vp4

The constants do not depend on the sequence (vy).

THEOREM 6.3:

I(T((Ma), )2 lLe < cp- Ifllpe 1 <p<2),

and
(A (T((Ma). )V > 0} < g Sl

COROLLARY:
{7((Ma).0) > NY < 75

THEOREM 6.4: For every ¢ > 2, we have

/e
l (SUPZ|MAt f—Ma, +1f|9)

(t:)

<epo-fllp, 1<p<2),

Ly

and

1/e
H(SUPZ‘MAef MAt f|9> >a}

{t:)

Above, the supremum is taken over all increasing sequences (t;);cz.

C
<2 if .
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7. Open problems

PROBLEM 7.1: Let Ay C A3 C --- be a nested sequence of disks in Z%, and let

p>2
Is it true that then for every f € LP(X, X, m, 1), the square-function

1/2
OIWE M, f?)

is finite almost everywhere?

PROBLEM 7.2: Let A; C A3 C --- be a nested sequence of ellipsoids in Z¢%, and
let p > 1.
Is it true that then for every f € LP(X,% m, 1), the square-function

1/2
(Z M, f MA"HN)

is finite almost everywhere?

PROBLEM 7.3: Let Ay C A3 C --- be a nested sequence of rectangles in Z°.
Is it true that for every f € L'(X,S,m, ), we have

A (T(Ma) )2 > a}l < = I fllp?

¢

6"

PROBLEM 7.4: Let A1 C Az C --- be a nested sequence of cubes in Z°.
Is it true that for every f € LY(X, S, m, ), we have

{I(Ma) N > NY < - 1l ?

Finally, for the reader’s convenience we repeat

PROBLEM 7.5: Let A; C Ay C --- be a nested sequence of rectangles in Z°.
Is it true that for every f € LY(X,Z,m, 7), the square-function

1/2
<Z |Ma, f — Ma,,, f|2)

n

is finite almost everywhere?
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8. Notes

The transference principle appears in [5].

Oscillational inequalities for the usual ergodic averages were first considered by
Gaposhkin in [7, 8]. He considered the case ny = 2*. Then J. Bourgain
considered oscillation inequalities in [3]. The inequality is rather hidden in
[3, inequality (7.10)]. The method there works only for the subsequence
51; Y ne<or f(T™). H. White has some improvements on Bourgain’s method;
his work appears in his Master’s Thesis at The University of North Carolina
and was published in [1]. The method of [9] used to prove weak (1, 1) bounds
for oscillation inequalities does not work for higher dimensional actions (this
fact was the main motivation for the present paper).

Variational inequalities for the usual ergodic averages were first considered by
J. Bourgain in [4, Corollary 3.25].

Upcrossing inequalities for the usual ergodic averages were proved by Bishop, [2].
Curiously, Bishop’s methods work only for the averages % Yo «f (™), and
they do not work for the symmetric averages, —%% Z|n| <tf (™), or for
higher dimensional averages. Kalikow and Weiss in [11] devise a method
to handle the symmetric averages as well as symmetric higher dimensional
averages. Kalikow and Weiss’s method does not seem to be able to handle
arbitrary nested sequence of cubes. The methods in [9] handle the averages
‘;—N‘ Yonery f(77) for any nested sequence (In) of intervals. The methods
in [9] do not work for higher dimensional actions.

The Calderén—Zygmund decompasition is in [6].

The simple proof of the almost orthogonality lemma is due to E. Lesigne; he is the
one who noticed that it follows immediately from the convolution inequality,
llo *bllpa < llollpn - (1]l2-
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